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A RIGOROUS METHOD FOR COMPUTING 

GEODETIC DISTANCE FROM SHQRAN OBSERVATIONS 

Report as of 20 January 1950 

I. SUMMARY 

With respect to the Caribbean Area Shoran Project carried out by the 
7th Geodetic Control Squadron, investigations indicate that the measured 
Shoran distances are. on the whole, short by about 1 part in 20,000. It 
v/as one of the primary purposes of this study to discover what portion, if 
any, of this srror could be attributed to the method of computation used 
by the Air Force to obtain geodetic distance from Shoran dial readings and 
weather observations. The results of this study indicate that the error 
arising from this source could be in the neighborhood of 1 part in 150,000 
for a half-line distance of 250 miles. On the basis of this result other 
sources of error must be sought, the most probable of which appears to be 
the value for the velocity of light. This matter is discussed quite thor- 
oughly by Mr. Asl?kson of the U. S. Coast and Geodetic Survey (Transactions 
American Geophysical Union, August, 1949). 

Whether or not this report can be of practical use in future Shoran 
work it is believed that through it two things of importance have been ac- 
complished: 

(1) A rigorous"method of unlimited applicability has been de- 
veloped. 

(2) Proof has been established that mathematical errors due to 
the use of the Air Force reduction method are negligible. 

II. BASIC PROBLEM AND UNDERLYING ASSUMPTIONS 

The simplicity with which the problem of obtaining geodetic distance 
from Shoran observations can be stated is deceiving. There are given, es- 
sentially, four con/ions with which to work, 

dit 

There are known, first, the altitude, H, of the eirplane, second, the 
altitude, K, of a ground station, third, the time, t, required for the 
Shoran ray to travel from the airplane to the ground station, and fourth, 
the meteorological conditions existing along the path of the Shoran ray. 

J*H ..-' 
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The underlying assumptions are as follows: 
First, the figure of the earth is represented for the time being by 

the International Sphere, whose radius, R, is set at 6j371,227 meters "or 
20,902,933.92 feet. 

Second, the Shoran ray is represented by a line which lies in a plane 
passing through the center of the earth. The geodetic distance is taken 
as the intersection of this plane with the surface of the earth. 

Third,  the assumption is made that the, Shoran ray is governed by the 
laws of geometric optics.   In justification of this assumption; reference 
is made to Report No* 447, Radiation Laboratory., Massachusetts  Institute 
of Technology,  November]  1943, entitled "The Effect of Atmospheric Refrac- 
tion on Short Radio Waves;" 

Fourth, Anderson's 1941 value  of 299,776*000 meters per second is 
used for the velocity of light,  V\ 

Fifth,   it is assumed that the velocity of the Shoran ray varies in- 
versely as u-,  the index of refraction> which is numerically equal to the 
square root of the dielectric constant; This point is discussed briefly 
in an unpublished paper entitled;   ''Velocity Correction to Shoran Measure- 
ments," by Donald A« Rice of the U. S. Coast and Geodetic Survey. 

III.   THEORY OF SOLUTION 
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The solution presented her? 
proof of which is given below. 

depends on the relation ru- cos a = k, the 

The figure represents a spherical earth surrounded by infinitesimally thin 
spherical layers of atmosphere having different values of |i. A ray, lying 
in a plane which contains the earth's center, passes through these layers. 
By the law of sines, 

r' r 

sin (180° - i) "~ sin e 

But, by Snell's Law,  u-'  sin i'  = u sin e,  so that 
r' r 

sin  (180° - i)      u' 
sin i' 

or ru. sin i = r'u' sin i'. 

>'~4 
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Since this relation holds between adjacent layers of atmosphere, rp sin i 
can be represented by a constant for a particular path. In the relation, 
rp cos a = k, a represents the complement of i, and k, a constant value 
depending on the ray. 

The method of solution can be illustrated by means of the figure 
below. 

•r" 
> u 

Ground 
Station 

Ray path 

Airplane 

From the differential triangle constructed on the ray path,  the following 
relations are apparent: 

dr      V sin a 
dt p 

d9 _ V cos a 
dt rp 

By ?4aelaurin's series. 

Vat A 
tVd^ 
2\dt: 

and 
/de\     t   /de 

e* + t[—    + — (—5- 1       VdtA     2   \dt* 
tVd^e 

dt3 

if t is considered to be zero at the ground station 
Since p is a function of r,  and since cos 

k        >     • A    k 
a. =— and sin a =vl—-r~2, 

rp r p 1, , .1 A ut uo 
both — and — are functions of r if a value  is assumed for k. 

dt dt 

• I !!•!• Ill« 
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Expressions  for the derivatives of r and 6 can be found  in Appendix A. An 
examination of these derivatives indicates that their evaluation at the 
ground station requires only the values of rlß  Ui and its derivatives, and 
aa   (the assumption of a value for a±  is,  of course,  equivalent to the as- 
sumption of a value for k).  In practice «j. can be approximated from the 
triangle whose sides are  (rt + 1/3 R),   <rn + 1/3 R), and  (Vt).   (When rt 
and rn are increased by 1/3 R, the ray path, Vt,  can, for approximation 
purposes, be considered as a straight line.) This value for at   is then 
tested in the "r" series to see if It produces rn.   If it produces a value 
which differs from the given rn, this erroneous value of rn can be used to 
compute a new value for «i   in the same manner as before and the first 
value for aa can be adjusted by proportion. Usually this adjusted value of 
ax will, when substituted in the "r" series,  produce rn with sufficient 
accuracy. When, by means of the "r" series,  it  is shown that the correct 
value of ctj. has been found, direct substitution in the "8" series produces 
the geodetic arc,  9n - 0., 
is always equal to zero   ) 

(It  is pointed out that  in this discussion 6i 

IV.  SOLUTION OF HYPOTHETICAL PROBLEM BY SERIES 

The hypothetical problem to be solved has the following conditions. 
The value of ri   is 20,903,000.00 feet,  the value of rn is 20,950,702.76 
feet, and t =  .0016 seconds. The atmosphere assumed is known as the WACA 
"moist" atmosphere.   In it,   (u - 1)  10e  =  327.54-11.134 46970 h +   .12052,34160h2, 
where h = altitude in thousands of feet.   It is pointed out that rn is 
specially chosen because  it  is the value produced by the "r" series when 
<*! = 0. The choice of this value for a±   is almost essential in order to 
evaluate the derivatives of r and 0 with reasonable ease, and since the 
purpose of a solution by series  is only to verify the accuracy of the more 
practical numerical  integration method,   it is felt that the choice of con- 
ditions  is  justified. When cti  =  0 is used  in the derivatives  of r and 8, all 
terms vanish except the first of qvery other derivative. 

With the aid of Appendix A,  the following solution can be set down. 
ri  = 2.0903 00000 x 104   (in thousands  of feet) 
Hi   =  1.0003 26805 
\L\  =-1.1118 54133 x 10~6 

M-I1  =  2.4104  68320 x  10~7 

(Note:  In the following expressions the subscript  "1"  is omitted. ) 
,1 ni' 

m 

=     II r M- 

c etc. 
a + 1 

2 
m 

m 

:-2.3233 49412 x 10" 

1.0528 74877 x 10 

= 0.0 

= 7.6766 50588 x 10" 
= 5.8930 96425 x 10 ,-i 

4.5239 24214 x 10 
3.4728 58548 x 10" 

—l 
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m = 2.6659 92161 x 10" 

me = 2.0465 89029 x 10" 

m7 = 1.5710 94887 x 10" 

m8 = 1.2060 74649 x 10" 

a2 =  5.3979 52490 x *10" 

a~  =-1.2541 32974 x 10 

a4 = 2.9137 89108 x 10 

U 

>—2 

.—8 

ab = 
b = 
I .. 

2, a b 

m 

m11 

m1" 

(ml)2 

Ii3 
(m 

(mV,11) 
mdn1) 

m(rrr )2 

m(nr )3 

2
 i   T \ m  (m1) 

2 ,    T >2 

2 ,     T <3 m (m1) 
2      T    T T m (nrnrM 

m2(mn) 

m3 (m*) 

m (nr) 

ma(mn) 

m3(mni) 

m (mm) 
m4(n?) 

m (m1) 

m4(m11) 

m4(mm) 

rn^m1) = 

rr,6}-,11) « 

m (m1) l\ = 

1.1085 

-2.4461 

5.6833 

3.8882 

-3.2011 

1.1025 

1.1576 

4.0827 

8.0605 

8.4636 

8.8869 

6.1878 

6.4972 

6.8222 

2.4060 

2.2914 

4.7501 

4.9877 

1.7590 

-1.4481 

1.84.70 

3.6465 
3.8289 

1.3503 
-1.1117 

2.7993 

1.0366 

2.1489 

45507 x 10 

96226 x 101 

58563 

11733 x 102 

89940 x 102 

61522 x 104 

24639 x 104 

53807 x 106 

50058 x 104 

73188 x 101 

96418 x 103 

80545 x 106 

20390 x 101 

84009 x 10s 

24442 x 106 

03977 x 10* 

06754 x 102 

73504 x 101 

37911 x 103 

32901 x 102 

81212 x 104 

05185 x 104 

42222 x 101 

12117 x 10a 

48096 x 102 

18116 x 104 

23049 x 101 

15050 x 102 

42493 x 101 

-rfl 

T, 
,1  M 

A = 

, 2 

= 4.7036 01306 x 10 

= 2.2123 86525 x 10s 

A = 1.0406 18415 x 10 

U 
'•>: 

*„<««•?' W7- 
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A*  = 4.8946 54136 x 10 

A5 = 2.3022 50159 x 108 

A8  = 1.0828 06685 x 101 

A7  =  5.0934 67226 x 101 

A8  = 2.3957 63910 x 10* 

A9  =  1.1268 71826 x 10 
16 

( , 

"'•'V9. 

^jfT 

1 d2r 

2 dt2 1.7750 53320 x 10 

1 dV 
24 dt4 

1 d3r 

720 dt6 

1 ,8 
d r 

3.3959 07938 x 10 
11 

2.1854 96426 X 10 
16 

40,320 dt 
-1.8851  72971 x 10 

1 9 

dfi i 
-— = 4.7036 01306 x 10 
dt 

1 d3G 

6 dt3 

1    d58 

120 dt5 

1     d79 

-2.0441  54887 x 10 

=-9.3373 65867 x 10 

5040 dt 

1 

=-1.9632 49131  x 10 
1 3 

d9e 
362,880 dt' 

=-1.8383 04680 x 10 
1 7 

t =  1.6 x 10~'J 

t2  = 2.56 x 10"*6 

t3  = 4.096 x 10-9 

t4 = 6.5536 x Kf12 

ts = 1.0485 76 x 10_1 

t6  =  1.6777 216 x 10" 
— 2 0 

t' = 2.6843 5456 x 10 

t8 = 4.2949 67296 X 10 

t9 = 6.8719 47674 X 10" 

—23 
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20 903.00000 

+ 45.44136 

+ 2.22554 

+      .03667 

j; .00081 

20950.7Ö27S  (in thousands of feet) 
-    20902.93392 

47,768=84 feet * altitude of airplane 

en = .075257 62090 

-,000063 72858 

-.000009 79094 

-.000000 52701 

-.000000 01263 

.075163 56174 radians x 
20,902,933.92 

5280 
=  297.56420 miles 

4\ /a 

/ i 

V. SOLUTION OF HYPOTHETICAL PROBLEM BY NUMERICAL INTEGRATION 

In the search for a practical, yet rigorous, method for computing geo- 
detic distance from Shoran observations the method of numerical integration, 
demonstrated in the computation form below, seems to offer the best possi- 
bility, 

Here again an approximation to ax  must be made and then tested to see 
if it will produce rn, In the demonstration below, however, the purpose is 
to produce by numerical integration the same value of R (9n - 9a ) as was 
obtained by the "series" method. Therefore the computation was begun with 
ccj. = 0 as before. In actual use, the trial computation of rn using an ap- 
proximated value of cti v/ould utilize every column on the form except that 

for 2 g, which is used only in the computation of 9n - 9±. 
r u ' 

An examination of the first two lines of the form reveals that the 
"series" method of Section IV has been used to produce r2 and r3. Since the 
interval, At, is small only two derivatives are required on each line. By 
reference to the values of the derivatives in the solution of Section IV it 
is easy to determine the limiting value of At that can be used in the first 
two lines of the computation. To limit the error to .01 feet At can be found 
from the relation 

(At)4" d4r *       i-. 
 4=.00001 (in thousands of feet )=(At) 3.3959x10 =.00001 

41    dt 

From this equation At - about   .00007,  Of course,  this  is the limiting value 
under a particular set of conditions.  In the numerical  integration below, 
the interval At =  .00002 v/as used to produce r2, r3, r^, and r5. 

Ms, 
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Thereafter the interval was doubled to reduce the labor of computation. In 
the examples of Appendix B and Appendix C, the interval At = .00002 was used 
throughout. It is obvious that in an erratic atmosphere the intervals must 
necessarily be small, while in a smoothly changing atmosphere the intervals 
can be quite large. ;, 

On the form below, the first value of r is the starting value r%.  As 
explained above, the values r2 and r3 are found by the "series" method. The 
value of r4 is found by integrating the second degree function determined by 

(_ )  (—)  and (—) . The values of re,  re, etc., are found in a similar 
\dt/V \dt/a'   \dt/3 

dr 
manner from the—-'s from the three preceding lines. A discussion of this 

dt 
technique can be found in Whittaker and Robinson's"Calculus of Observations." 

Briefly, however, the step by step relationship can be explained as 
follows. 

The increase in r during any fraction, e, of the nth time interval, At, 
can be expressed as 

rn + e - rn 
Atfßr)    de 

-o ^dtVe 

Ut/n 
t (*Z)       - Ee (¥)   -  (l -£ 

Vdtyn+e Vdt/n      V      Ey 

-/i + E(£\ + 1^(£\\(^\ t0 secorri 

1 VE/ 2"   \E/J\dt/n differences, 

where the operator E can be defined by the following, 

E:n f (x). (1 + A)n f(x) (x), 

When e 

o   V 
rlf 

Representing At 
\dtjn 

lVdt/n      2 Wn_i      12     Vdt/n_2 

by qn, we have, 

"n+1 - rv qn +   .5^qn_l +   .417 A qn_2 

. 2 
Decause a qn_£ is smaij. in vaxue,   ILS coeuicient,  is expressed uo omy urtree 
decimals. When the A's in this expression are replaced by their equivalents, 

- r» 1.917qn - 1.334qn_1 +   .417qn_2 rn+l      * n 

When t does not contain exactly an integral number of At's, the change in r 
during the fractional portion of the last At can be found by using the 

8 
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general form of the above and integrating between 0 and e instead of between 
0 and 1. However, this resort is seldom required since t can always be di- 
vided into an integral number of equal intervals. 

A_few remarks concerning the actual computation of the attached example 
may be of help. Except for the last column the computation proceeds from 
line to line. The "h" on each line is equal to r - R and is obtained merely 
for use with a graph of u's against h. The "u." on each line is obtained from 
such a graph. The computation of "q" can be accomplished without writing 

down any intermediate answers. The complement of 2 2 is gotten first in the 
r (j. 

top dial. The square root of this result is multiplied by VAt  (constant 
throughout the calculation, except when the interval is changed) and divided 
by n. The values of \J- required in the first two lines can be found by fit- 
ting a polynomial to a few points of the 'V curve. A number of techniques, 
any of which will produce good results, can be used to obtain these values. 
The first few values of r are produced numerically below to indicate more 
clearly the steps to be taken. 

20903.00000 = given starting value of r 
20903.00710 = 20903.00000 +   .00000 +   .00710 
20903.02781 ="20903.00710 +   .01361 +   .00710 
20903.06381 = 20903.02781 + 1.917i.02825)  - 1.334(.01361)  +   .417(.00000) 
20903.11358 = 20903.06381 + 1.917(.04266)  - 1.334(.02825) +   .417(.01361) 
etc. 

Attention is directed to the value of k shown at the top of the computation 
form. Since cos «v 

s 1 in this particular computation, k = rj.Hi. In most 
cases, however, cos ax  will have a value different from 1 in the expression, 
k = riHi cos otj,. 

d9  V cos a 
The procedure for obtaining 9 is relatively simple. Since— =   

Vk 1 
= • -g a, it is only necessary to tabulate 2 a f°r each step. The relation 

r p. ^ r \x 
between 9n+i and 9n is alike in form to that between rn+^ and rn, i.e., 

/ Vk Vk 
9n+1  - 9n=At(1.917; -? - 1.354,       -      +   .417 nl        n        V (rii)n 

(r^n-l 

Vk 

(nUn_2 

If  ~2 is replaced by pn, then 

**   1 
,-':l4 

'•  fl 

•, ?i 1 • ! 
*       -   *i 

I ^ .11 
at      EJ 

(ru) 
9n+l - 6n = AtVk(1.917pn - l,334pn_3  +   .417pn_2) 

It  is seen that 94 - 93,  65 - 94, 96 - 96, etc., can be obtained immediately 
from pi,  p2, p3, etc.  To get values for 93 - 92, 92 - 9t however, the rela- 
tionship above can be applied in reverse. That is, 

92  - 9i  = AtVk(1.917p2  - l,334p3 +   .417p*J 

and 93 - 92 = AtVk(1.917p3 - 1.334p4 +  .417ps) 

By means of the following arrangement, the form of 9n - Q%   (the total angle 
produced by t) can be shown. 

^eSZggggiimt.' 
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92 

e9 
e4 
e5 
e6 

- e_ 
- o2 
- e3 
- e4 
- 9S 

= AtVk{+ 1.9l7p2 -- 1.334p3 
+ .417p4 J 

= AtVk(+ l,917p9 - 1.334p4 + .417p6) 
= AtVk(+ .4l7p_ - 1.334pa + 1.917p3) 
= AtVk(+ ,4l7p2 - 1.334p, + 

- 1.334D* + 
.917p4 

67   - 
etc. 

1 
1.917pB) 

63 = AtVk(+   .4l7p4  - 1.334p6 + 1.917p6) 
AtVk{+   .4l7pc 

From this arrangement 

9_  = AtVk(.4l7p_  + p2  + 1.583p.  +   .083p4 + 1.417p6 + p6 Pv + Ps + 

+ Pn-3 •9l7Pn-l) 

This expression is applicable to the computations in Appendix B and C. 
In the form immediately below, however, a slightly different procedure was 
followed. In each of the first four intervals At was taken as .00002 and in 
each interval thereafter it was taken as .00004. 

— ] by .00002. The values of 
dt/_ 

The value of q6 was found by 

The value of qi was found by multiplying 

q3, and q4 were found in the same manner. 
/dr\ 

multiplying f— )   by .00004. The remaining q's 
\dt/s 

••2> 

were also found by multiplying 

by  .00004. The following relationships were then used: 

r6 
r7 
r8 

- r3 

- r4 
- r5 

- re 
- r7 

I.917q3   - 1.334q2  
+   .417q_ 

1.917q* - 1.334q3  +  ,417q« 
1.917q6   - 2(1.334)qa  + 2(.4l7)q_ 
1.917qe  - 1.334q6  + 2(.417)q3 

1.9l7q7   - 1.334qa 
+  .417q5 

For the remaining lines the relationship is similar to tha.t between r8 and r7. 

The computation of 
following arrangement: 

en" 0! in this particular problem is based on the 

9 3 
e4 
e5 
e6 - 
e7 - 
e8 - 
es - 
etc. 

- tit 

- 62 
- o3 
- 94 
- e5 

e7 

.00002 Vk{+ 

.00004 Vk(+ 

.00004. Vk( + 

.00004 Vk!+ 

.00004 Vk(+ 

.417p2 

.417p_ 
•417p3 
.417p6 
.417pe 

00002 Vk(+ 1.917p2 - 1.334p3 + .417p4) 
00002 Vk(+ 1.917pa - 1.334p4 + .417p6) 
00002 Vk(+ .417pi - 1.334pa 

+ 1.917p3) 
- 1.334pa 
- 1.334p3 
- 1.334ps 
- 1.334pe 
- 1.334D7 

1.917p4) 
1.917pB) 
1.917pe) 
1.917p7) 
1.917p8) 

9n- 

Therefore 

9_ = .00004 Vki.6255p_ .5ps .334 F3 .5p4 + 1.2085p5 + p3 
+ p7 

+ 

pn_3 + .583pn_2 + 1.917pp_.il 

10 
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SECTION V 

Numerical  integration solution of problem presented in section IV. 

K  = r1u1  = 20909,83110 T = total time 

Ka = 437.2210366 x 106 At =   .00002 for first four  intervals 

.0016 seconds 

At =  .00004 for remaining intervals 
dir 
dt5 

II 
i {(a+l)-sin2a(2a+l)} 

in thousands of feet 

2    2 
r [i x 10" 

VAt sin a _ K* 
sin a=l--_—j 

r u 
sin a IAIO

6 ru-1 

a =  a a + 1 2a+l (a+1) 

-sinsa(2a+l! 

At2 d2r 

2   dt2 

d6 

It VK 

3. 
4, 
it. 
5. 
6. 
7. 

.06608 

.07318 

.093 89 

.12989 

.17966 

.32106 

.52064 

.77666 
1.08982 
1.45944 
1 .88683 
2.37218 
2.91454 

514 95 
.17352 
, 89045 
66589 
50002 

,3 93 64 
8.34645 
9.35921 

10.43222 
11.56577 
12.76041 
14.01646 
15.33451 
16* 714 71 
18. 15803 

66471 
23 537 
87049 
57 083 
33692 

.16945 

. 06898 

. 03633 
. 07210 
17717 
35218 
5 97 93 
91517 

19. 
21. 
22. 
24. 
26. 
28. 
30. 
32. 
34. 
36. 
38. 
«0. 
42. 
^5.30497 
47. 76795 

- e. 

20,903 . 
903 . 
903 . 
903 . 
903 . 
903 • 
903 • 
903. 
904. 
904. 
904. 
905. 
905. 
906. 
90 7. 
907. 
908. 
909. 
910. 
911. 
912 . 
913 . 
914. 
915., 
916 
91 8 
919 
921 
922 
924 
925 
927 
929 
931 
933 
93 4 
93 7 
939 
941 
943 
945 
94 ° 

00000 
00710 
02781 
06381 

25498 
45456 
71058 
023 74 
39336 
82075 
30610 
84846 
44887 
10744 
82437 
59981 
43394 
32756 
28037 
2 9313 
36614 
4 9 96 9 

, 69433 
. 95038 
.2 6 843 
.64863 
. 09195 
.59863 
.16929 
.80441 
.50475 
.27084 
.10337 
.002 90 
.97025 
.00602 
. Ill 09 
.28610 
. 53185 
. 84909 
. 23889 

1 . 000 326, 
326, 
326, 
326, 
325, 
324, 
321. 
319. 
315, 
311, 
307, 
301 , 
296, 
289, 
2 83, 
276: 
268, 
260, 
251 , 
243, 
233 
224, 
214 , 
205 
195, 
185, 
175, 
165 
155. 
145, 
135 
12 6 
117 
109 
101 
0 94 
088 
082 
077 
0 74 
071 
070 

43 7. 

I 950.70187 ' 
> VKAt[913.725700441640 x 

438 

22103 66 
22i2461 
2219378 
2230942 
2246515 
2292555 
2356816 
2439441 
253 9853 
2659513 
2798969 
1956553 
3133618 
333 0599 
3547539 
3 78452 9 
4041628 
4320661 
4620213 
4 941914 
52 e6082 
5652 839 
6043192 
64573 64 
68963 73 
7359589 
7849708 
83 66261 
8910233 
9481879 
0083167 
0714411 
1376724 
2070400 
2797431 
3558167 
4354632 
5187200 
6057025 
6965341 
7915101 
8905896 

000000000 
.000000479 

.000000 

.000692 
-11. 12 
-11.12 

,2324 
,2324 

+.05401 
+ . 05401 

+ . + . 
7676 
7676 

+.5352 
+.5352 

+ . 7676 
+.7676 

,00710 
,00710 

22 .00000 
.C1361 
.C2825 
.04 266 _________ . ___ 
= 11308         _  
.17 051        "   .  _  
.22761   ""  _        _   _ ~"_ _ .  
.2 84 66   _        ~         _        ~ „        _ .  
.34139 _        _  
.39859  _                         __         _22 
.46629        _  ~         ____"__""___        I Z  
.51374 _           .  
5714 
6294 
6877 
7461 
8047 
8638 
9231 
9627 
0428 
103 2 
1640 
2252 
2869 
3490 
4117 
4 74 8 
5385 
6028 
6676 
7331 
7992 
8659 
9333 
0014 
0703 
1399 
2102 
2813 

2 .3534 
2.4262 

2 2 

87172657 
171561 
167943 
161893 
153747 
129663 
09604 9 
052831 
000310 

86937725 
864791 
782381 
689791 
586795 
4733 74 
3494S4 
215096 
069261 

85912 722 
744633 
564832 

1          _ _ _ __         _ _ 373262 
4_ "  ~_   _~_ 169401 
7   _   *"  _ _____ _~~" _ Z_ _______ _  ~     22 = 84953141 

2 2 

2 2 

22 

.2 2 

'2 2 

22 

io-10]   =   [983,515.0932][20,909.83110][.00004][913.7257004 x 10    °]   =   .07516356763 

723957 
482185 
226428 

83 95 6 93 8 
673213 
375129 
061672 

82732692 
387622 
026323 

.81647773 
251809 

808373 96 
404358 

.79952117 
480056 

,78986664 
4 72183 

S - R[0_  - 9_]=    297.5642211 miles 

•*.L 

4 ; 
< , I. 

r 
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VI.  SOLUTION OF HYPOTHETICAL PROBLEM BY AIR FORCE METHOD 

Since the Air Force tables are not constructed to handle a ray which 
attains the height and length of the one treated in Sections  IV and V,  that 
problem has been modified by reducing t from .0016 to .0014 seconds.  In the 
"series" of Section IV it is a simple matter to substitute this new value of 
t and produce rn = 20,939,111.80 feet and R(9n - Gj} = 250*45172 miles. Since 
the velocity of propagation is assumed to be 186,219 mps  in the Shcran in- 
strument, the dial reading would be 260.70660 miles. Thus the basic values in 
the Air Force notation are as follows: 

- * 
c.   r 

:\C-- 

f   \ 

H = 36,177.88 feet 
(H - K)  = 36,111.80 feet 

S = 260.70660 miles 

Of course,  the NACA standard  "moist" atmosphere is used as before. Since \i 
is a smoothly changing value,  it would seem to conform with Air Force pro- 
cedure to use intervals of about 1300 feet when computing the velocity cor- 
rection. 

The results  of the entire computation 3.ppear below: 

Dia.l reading 
Velocity correction 
Reduction to sea level 
Slope correction 
Curvature correction 
Steep slope correction 
Assumption I 

ii       vi r 
11 VIII 
" IX 

260.70660 
+   .01641 

.22502 

.08971 
+   .04403 

.00002 
+   .00010 

.00015 
+ .00200 
+  .00019 

.00010 

Geodetic distance by Air Force method = 250.45333 

This result is 8.50 feet in excess of the result-obtained by means of 
series. 

VII. DISCUSSION 

A comparison of the distance produced by the series solution of Section 
IV with the distance found through the numerical integration solution of 
Section V is believed to establish the validity of the latter method. Of 
course, it is realized that the "u." curve used in the solution of this par- 
ticular problem was extremely smooth. It is believed, however, that the 
method is valid in any case where a reasonable amount of smoothing has been 
carried out before the "y." values are used in the integration. In consider- 
ing the possible roughness that can occur in the "u." curve, it was thought 
safer to project on the basis of a second degree curve formed by three values 

dr dr 
of—, than to project on the basis of a— curve of higher degree. If small 

dt dt 
intervals of At are used, it is difficult to see how any serious error ca-n 
occur. 

The application of the numerical integration method and the Air Force 
method to three different problems produced the following distances  in miles: 

11 
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M 

-na 

Pr ob lern 
Air Force 

Formula 
Numerical 

Integration 
Air Force minus 

Numerical  Integration 

Section VI 
Appendix B 
Appendix C 

260.45333 
152.52685 
100.49874 

260.45172 
152.52683 
100.49872 

+.00161 
+.00003 
+.00002 

In an attempt to analyze the cause for the difference in the results, 
a study was made of the height of the ray path used in the problem of Section 
VI. Below is given a table comparing heights obtained from the numerical in- 
tegration curve with those obtained from the Air Force formula, 

\ 

h - K + 
Mi(H - K) 

M 
- .496Mi(M - Mx) 

Mi 

(distance 

Height of ray path in feet 

Air Force Numerical Air Force minus 

in miles) Formula Integration Numerical Integration 

0.0000 66,08 66,08 0.00 
4.8 1663.26 1254.12 409.14 
70 3159.14 2588.34 570.80 
87 4643.90 3963.74 680.16 

101 6081.90 5326.01 755.89 
113 7469.23 6655.05 814.18 
124 8866.44 8014.04 852.40 
134 10240.78 9353.70 887.08 
144 11714.33 10815.53 898.80 
152 12964.59 12059.32 905.27 
161 14447.02 13542.46 904.56 
.169 15832.19 14936.26 895.93 
176 17096.30 16216.14 880.16 
183 184.09.01 17551.54 857.47 
190 19770.34 18942.89 827.45 
197 21180.27 20390.60 789.67 
204 22638.81 21895.16 743.65 
210 23927'. 67 23228;37 699.30 
216 25252125 24601»78 650.47 
222 26612.53 26027»31 585.22 
228 28008.53 27495.01 513.52 
234 29440:24 29003.96 436.28 
239 30660.62 30289.71 370.91 
244 31905.79 31613.67 292.12 
250 33432.73 33243.19 189.54 
255 34732.47 34631.98 100.49 
260 36057.00 36049.13 7.87 
260.4517 36177.88 36177.17 0.71 

The velocity correction given in Section VI was obtained from the Air 
Force values in this table. If the velocity correction is recomputed using 
the numerical integration ray path heights it is found to be .01516 miles 
instead of .01641, which appears to account for .00125 miles of the .00161 
mile difference occurring on the 260 mile line. The remaining .00036 miles 
by which the Air Force result exceeds the numerical integration result is 
probably caused by the difference in radius of curvature of the Shoran beam 

KäU 



between the two methods. Simple calculations indicate that variation in the 
radius of the Shoran beam has relatively little effect on the computed dis- 
tance. The difference in distance produced by a 260 mile arc of radius 4R 
as against 5R is only about 4OOIO miles. The difference in distance produced 
by the same arc having a radius of 5R as against 6R is about .0006 miles. 

It is believed that greater harm is caused by using erroneous values for 
the height of the ray path when computing the velocity correction, than is 
caused by thj use of the wrong radius in the geometrical solution. However, 
in actual practice, the effect of both these errors appears to be negligible. 

Although numerical integration cannot be considered as a substitute for 
the Air Force method, at least not until the availability of the electronic 
computer, it does make possible the construction of ray path curves for vary- 
ing conditions. It is hoped that through its use, the technique of computing 
geodetic distances from Shoran observations will be improved. 

Submitted: 

/s/ Cedric W.  Kroll 
CEDRIC W.   KROLL 
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Recommended Approval: 
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APPENDIX A 

Derivatives of r and 6 with respect to t A  (i) 

In the derivatives given below,  the following substitutions have been used': 

ru 

ji  , v.*-, v- *•  ? etc., represent the derivatives  of \i with respect to r 

ru1 

a = , b = 

m = a + 1 

2   II r M* 
3   ITT 

, c = -, d = 
4    TV r u 

;tc. 

iri I  = a + b - a 

m II = a + 3b + c - 3a2 + 2a3 - 3ab 

ir,111  - a + 7b + 6c + d - 7a2 + 12a3  - 6a4 - 3b2  - 18ab -4ac + 12a2b 

mIV = a + 15b + 25c + lOd + e - 15a2 + 50a3  - 60a4 + 24as - 30b2 - 75ab - 40ac - 5ad -+ 120a2b - 60a3b + 20a2c + 30ab'' lObc 

2-_ mY = a +31b + 90c + 65d + 15e + f - 31a* + 180a a - 3Q0a* + 360a ° - 120aD - 270ab - 260ac - 75ad - 6ae - 150bc - 15bd + 780a*b - 900a b + 360a4b + 300a2c 

+ 30a d - 120a c - 270a~b + 120abc - 195b + 30b - 10c + 450ab 

mVI = a + 63b + 301c + 350d + 140e + 21f + g  - 63a2 + 602a3 - 2100a 
4 ' 3360a6 - 2520a6 + 720a7 - 903ab - I400ac - 700ad - 126ae - 7af - 1400bc - 315bd 

- 21be - 35cd •+ 4200a2b + 2800a2c + 630a2d + 42aae - 5670a2ba - 8400a3b-- 2520a3c + 2520a b - 210a d + 7560a b - 2520a b - 1050b + 630b9 +4200abs 

+ 2520abc - 210c2 + 140ac2 + 210abd + 840a4c - 1260a2bc ~ 630ab3 + 210b2c 

•/ 

ill-*'-.. 

/V. 
.'-,••-/*- - >•> 

f  • M " 

i 

i. 
**•*  •&- 
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A (ii) 
dr 
dt 

= rA sin a 

dV 
——2  = rA {m + sin a(l - an)} 
dt 

dV 
dt3 = rA3{sin a  (m1  - 6m2 + 3m) + sin3a  (- 2m1 •+ 8m2 - 6m + 1)} 

dt4 

dts 

,6 
d r 

dt6 

at7 

rA4{{ir1m
I - 6m3 + 3m2) + sin2a (rn11 - 22mm1 + 4m1 + 48m3 - 36m2 + 6m) + sin"a (- 2m11 + 28mm1 - 8m1 - 48ma + 44m2 - 12m +1)} 

rA
5{sin a {orcrr.11 + (m1)2 - 66msmI + 15mm1 + 120m4 - 90m3 + 15m2) + sin3a (m111 - 36mm11 - 22 V)2 + 5m11 + 388m2mI - 150mm1 + 10m + 440m3 ~ 120m2 

+ 10m - 480m*) + sin5a (- 2min + 44mm11 + 281m1)2 - 10m11 - 368m2mI + 180mm1 - 20m1 - 400m3 + 140m2 - 20m + 384m4 + 1)} 

rA6{(3m2mn + mV)2 - 66mV + 15m2•,1 + 120m6 - 90m4 + lorn3) + sin2« {6mm111 + 5m1"11 - I92m2mn - 204m(m1)2 + 33mm11 + lödn1)2 + 204Cm3mI - 876mV 

+ 75mm1 + 1980m4 - 540m3 + 45m2 - 2l60ms) + sin4a (mIV - 54mmIn - 80mV1 + 6m111 + 896m2mn + 1092m(m1)2 - 276mm11 - 172(m!)2 + 15m11 + 3808mV 

- 570mm1 + 20m1 - 6864m3mI + 2100m3 - 300m2 + 15m - 6000m4 + 5760ms) + sin8« (- 2m1 v + 64mm1 n + lOOmV1 - 12m111 - 808m2in11 - lOl&ntm1 )2 + 324mm11 

+ 208(m1)2 - 30m11 - 3368m2mI + 660mm1 - 40m1 + 521 6m V - 1800m3 + 340m2 - 50m + 4384m4 - 3840m5 + 1)} 

rA7{sin a (15m2m111 + ISmm1.•11 + (m1)3 - 468msmn - 612m2 V)2 + 84m2m11 + 63m(m!)2 + 5076mV - 2268m*m1  + 210m V + 4620m5 - 1260m4 + 105m3 - 5040m8) 

+ sin3a (lOmmIV + 11m1-111 + 5(mn)2 - 456ni2min - 1152mmIm11 - 204(m1)3 + 63mmIn + 70mIm11 + 7l60m3mn + 12,120m2 (m1 )2 - 2436m2mn - 2772m(m1)2 

+ 168mm11 + 9lfm1 )2 + 32,200mV - 5376mV + 245mm1 - 54",576mV + 14,700m4 - 2100m3 + 105m2 - 42,OOOrn5 + 40,320m6) + sin5a (mV - 76mmIV - 134mIm111 

- 80 V1)2 +'7mIV + I820m2mni + 5376mmIm11 + I092(m1)3 - 462mm111 - 700mImn + 21m111 + 9408m2m11 + ll,676m(m1)2 - 1176mm11 - 742(m1)2 + 35m11 

- 20,672m3mn - 37,608m2(mI )2 + 19,768mV - 1610mm1 + 35m1 - 89,152mV + l28,73ömV + 7140m3 - 630m2 + 21m - 37,800m4 + 92,064m6 - 80,640m6) 

+ sin7a (- 2mV + 88mmIV + 164mImIn + 100 V1)2 - 14mIV - 1576mVn - 4848mmIm11 - lOlöfm1)3 + 532mmIn + 840mV1 - 42m111 - 8064m2mn - 10,248m(m1)2 

+ 1344mm11 + 868V )2 - 70m11 + l4,912mV1+27,840m2 V J2-16»688^1*1820•^ 

)*-. 

"3 

/.'' 

i\ 

• ,• 4 

zmaLi&$~~i ' 
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ilr 
A (iii) 

rA8{(15mVn + 18m Vm11 + mV)3  - 468mV1 - 612m3 V)2  + 84mVJ + 63m2(m1)2 + 5076mV - 2268mV + 210m3mI + 4620me - 1260ms + 105m4 - 5040m7) 

+ sin2 et  C45mVv + SlmmV11 + 33m{mI!)2  + 21(mI)VI - 1956m3min - 6228mVmn - I844m(m1)3 + 288m2min + 522mmIm11 + 64(m1)3 + 30,300mV1 

+ 61,560m*(m1)2 - 10,716mV1  - 16,236m2 (m1 )2 + 798mV1 + 756m(m1)2 + 142,920mV - 25,116mV + 1260m2mI - 234,576mV + 58,800m5 - 8400m4 + 420m3 

- 168,000m6 + 161,280m7) + sin4a  (15mmV + 21mImIV + 21m1 V11 - 936m2mIV - 2844mrr.Imin - 1602m(mn)2  - I764(m1)2m11 + 108mmIV + 144m mIn + 75{mll)2 

+ 2O,820m3mIn + 84,120m2mIm11 + 31,740m(m1)3  - 5832m2mni  - 15,768nmIm11 - 2976(m1)3  + 336mm111 + 420mIm11 + 110,760m3mn + 194,820m2 (m1 )2 - 15,372n2mn 

- 18,144m(m1)2 + 588mm11 + 336V)2  - 229,536mV1  - 527,544m3 V )2 + 243,600mV - 22,176mV + 630mm1 - 1,032,336mV + 1,431,360mV + 71,400m4 

- 6300m3  + 210m2 - 378,OOOrn5 + 920.640rae  - 806,400m7) + sin6«  dnVI - l02mmV - 210mImIV - 294mIIm111  + 8mV + 3348m2mIV + ll,772mmIm111 + 7036m(mn)2 

+ 8652(mI)VI  - 720mmIV - 1296mIm111  - 780V1)2 + 28mIV + 20,496mV11 + 61,824mmIm11 + 12,76S(m1)3 - 2.184mm111  - 3360mV1 + 56m111 - 53,544mV11 

- 235,630m Vm11 - 95,432m(m1)3 + 52,696m2mn + 66,192mV)2 - 3696mm11  - 2352(m1)2 +  70m11 - 279,168mV1  - 516,912m2 V )2 + 481,184mV1 

+ 1,161,120m3 (m1)2 + 73,248mV - 3780mm1 +  56m1 - 594,3S4rr.V + 2,101,056mV - 2,601,216mV + 19,600m3  - 1176m2 + 28m - 164,640m4 + ?27,552ms 

- l,580,544mö + 1,290,240m7) + sin8«  (- 2mVI + 116mmV + 252mIrnIV + 364mnmIn - 16mV - 2808m2mIV - I0,296ram1m111  - 6248m(mn)2 - 7S96(mI)2m11 + 8l6mmIV 

+ ISSömV11 * 940cm11)2  - 56mIV - 17,088mV11 - 53,232mmIm11 - ll,264(m1)3 + 2464mm111 + 3920mV1 - 112m111 + 36,976mV11 + l68,288mVmn 

+ 69,904m(m1)3  - 43,568mV1 - 554776m(m1)2 + 4144mm11 + 2688V)2  - 14.0m11 + 190,976mV1 + 360,816m2 V )2 - 290,560mV1 - 716,928m3 V )2 - 59,808mV 

+ 4200mm1 - 112m1 + 400,736mV - 1,248,384mV + 1,421,568mV  - 15,680m3 + 1288m2  - 5öm + 108,304m4 - 420,224m5 + 836,352m6  - 645,120m7 + 1)} 

w 
r". 
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d8r 

dtr - rA9{sin a   (105mVV + 225m2 mV11 + 84m2(m11)2 + Slm{mI)2m11 +   (m1)4 - 4500m4m111 - 15,696m3 mV1  - 5532m2 (m1 )3  + G75m3mm + 1440m2in1!!!11 + 255m(m1)3 

(First      +  69,420m6mn + 153,396m4(mI )2  ~ 24,840mV1  - 42,660m3 (m1 )2 + 1890m3m11 + 2205m2 (m1)2  + 336,780m6mI  - 60,480m4mI + 3150m3m1  - 545,047m6mI + 14,700m6 

f flpm 

only)  " 2100ms + 105m4 - 42,000m7 + 40,320m8)} 

A  (iv) 

d    r 

dt 10 rAlo{105m4mIV + 225m3mImIn + 84m3 (m11)2 + 8lm2(mI)2m11 + mV)4 - 4500m6mI!I - 15,696in4mIin11 - 5532m3 (m1)3  + 675m4min + 1440m3mV1 + 255m2 (m1)3 

(First      + 69,420mV1 + 153,396m5(m1 )2  - 24,840m5mn - 42,660m4(in1 )2 + 1890m4mn + 2205m3 (m1)2 + 336,780m6mI  - 60,480mV + 3150mV - 545,040m7mI + 132,300m7 

only1?     " 18,900ms + 945m5  - 378,000m9 + 362,880m9} 

d6 

dt 

£e 
dt2 

_d*e 
dt3 

d*e 
dt4 

6 

=  A 

-2A m sin a 

= -2A {m   + sin o  (m1 - 4m )} 

= -2A4{sin a  (4mm1 - 12m3) + sin3 a  (m11 - 14mm1 + 24ms )} 

—g = -2A5{(4mV - 12m4) + sin2a  (7mm11 * 4(m1)2  - 102mV +  144m4) + sin4a  (m111 - 22mm11  - Htm1 )2  + 184m2mI  - 192m4)} 
dt 

deö 
—a = -2Ae{sin a  (18m2m11 + lernV)2 - 276m3mI  + 360ms) + sin3a  (11mm111 + 15mV1 - 246m2mn - 292m(m1)2  + 2128m3mI  - 1920m5) + sinsa  (mIV - 32mm111  - 50mV1 

dt 
+ 404m2mn + 508m(m1)2 - 2608m3 m1 + 1920m5)} 

-^-4 = -2A7{(18mamn + 16m2 (m1)2 - 276mV.1 + 350me ) + sin2a  (51m2mIn + llSmmV1 + löV)3 - H58m3mn  - 1832m2 (m1 )2  + 10,392m4mI  - 8640me ) + sinV  (16mmIV 

dt 
+ 26mIm111 + 15(mn)2 - 516m2min - l476mmIm11 - 292(m1)3 + 6608m3mn  + ll,844m2(mI)~ - 43,920mV + 28,800me)  + sin8a  (mV - 44mmIV - S2mIm111 - 5Q{mn)2 

+ 788m2mni + 2-i24mmIm11 + 50sV)3  - 7456m3mn  - 13,920m2 (m1 )2 + 40,896mV1 -23,040m6)} 

v 

-•/  Jf 
•  . k» •   ;;!l 

• iMiium ii« JfcimwgM 

~v 
" -'if 



tVfJaül&mi\mmllfl*i1ÜP'2*qmiMß*llll*il • •*•*•£?" «W-USnfa «aisaMg^sMi^'j^»ffise5a!a^=s»?: 

. Ji  

H°Cj 

dt' 

i!e 

dt"5 

CPour 
terms 
only) 

d10e 
dt101 

(Three 
terms 
only) 

A  (v) 

~2A8{sin a  (120mVn + 312m2mV1 + 64mV)3 - 2736mV1 - 4896m3(m1)2 + 25,152m5mI - 20,160m7) + sin3 a  (115m2mIV + 31 aim1•111 + I73m(m11)2 + lölfm1 )2mn 

- 3732mamnI - 14,172m Vm11 - 4992m(m1)3 + 48,404mV1 + 107,264m3 (m1 )2 - 331,440mV + 201,600m7)  + sin5<x   (22mniV + 42mImIV + 56mnmni - 972mVv 

- 3312mmIm111 - 1956m(mn)2 - 2352(mI )2mI1+l7,528m3m111 + 75,768m2mIm11 + 30,240m(mI )3 - 167,952m4mn - 401,328m3 (m1)2 + 945,216mV - 483,840m7) 

+ sin7a  (mVI - 126mImIV - 58mmv - I82mnmln + 1404m2mIV + 5148mmVn + 3948(mI)2m11 + 3124mV1)2  - 18,488mV11 - 84,144m2mIm11 - 34,952m(m1)3 

+  145,280mV1 + 358,454m3 {m1 )2  - 710,784m6mI +  322,560m7)} 

-2Ae{(120mVn + 312m Vm11 + 64m2 V)3  - 2736m6mn - 4896m4 (in1)2  + 25,152m6mI - 20,160m8) + sin2 a  (465mamIV + l629m2mIm111 + 831m2 (m11)2 + 1299mV iV1 

+  64(m1)4  - I5,132m4min - 66,372m3mIm11  - 30,304m2 (m1 )3  + 197,724m5mn + 496,512m4(m1 )2  - 1,386,960m V + 806,400m8) + sin4a  (225m2mv + 759mmImIV 

+  945mmIIm111 + 480(mI)2m111 + 495m1 (m11)2 - 9972m3mIV - 45,756m2mImin - 26,028m2 (m11 )2 - 57,012m(mI )2mn - 4992dl!1 ).4 + lS0,S28m4mIn + 957,048mVmn    . 

+ 532,896m2 V)3 - 1,752,048mV1 - 4,951,006m4(m1 )2 + 10,ll4,560m6mI  - 4,838,400m8) + sin6a  (29mmVI + 64mImV + 98mnmIV + 56(min)2 - l686m2mV 

- 6726mmImIV - g^Sänm11•111 - 5664V )2min - öeeOm^m11)2 + 40,964m3mIV + 210,756m2mImIn + 125,020m2 (m11 )2 + 302,820m(m1 )2mn + 30,24oV)'4 

- 542,760m4mIn  - 3,124,224m3mIm11 - 1,872,008m* (m1 )3 + 4,313,504m5m11 + 12,853,920m4 (m1 )2  - 21,595,392mV  + 9,031,680m8)} 

= ~2A10{sin a  (1050m Vv + 4050m3mIm111 + 1974m° V1)2 + 3726m2 (m1 )2inn + 256m(m1)4 - 34,200mVn - 159,336mVm11 - 80,832m3 (m1 )3 + 447,960mV1 

+ 1,192,896m6 (m1)2 - 3,186,720mV + 1,814,400ir.8 5 + sin3os  (1365m3 mV + 6060mVmIV + 707lmVIm111 + 6477m(mI )2mnI + 6240mm1 (m11 )2 + ISöSV)
3
•

11 

- 60,600mVv - 329,472mVm111 - 180,456m3 V1 )* - 533;664m2V) V1 - 81,344m(m1)4 + 1,102,620mV11 + 6,606,300m Vm11  + 4,481,280m3 (m1 )3 

- 10,767,840mV1 - 34,083,936m5(m1 )2  + 63,552,960mV - 29,030,400me) + sinsa  (399m2mVI + 1593rnmImV + 2292mmIImIV + L^Sgfm1 )2mIV + 128lm(min.)2 

+ 2S95mImIIm111 + 495(mn)3 - 23,238m3 mV - 126,654mVmIV - 166,734m2mnmni - 189,228mV) V11  - 212,970mm1 VI )2  - 76, 980(m1 ) V1 + 566,220m VV 

t *&**• • -: i?." " •$ — _^_ .. T 11!    i t 
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ill6 

dt11" 
( Three 

terms 
only) 

d128 

dt12 

(Two 
terms 
only 5 

  T A (vi) 
+ 3,585.480m"mV11 + 2,071,560m3 (m11 )2  +  7,084,920m2 (m1 )2mn + 1,317,120m(m1 }* - 7,540,200mVii  •- 50,806,272mVm1l - 38,496,624ma (m1 )a 

+ 60,524,256mV1 + 207,124,992mB (m1 )2  - 309c883,392mV + 121,927,680m9 )> 

-2Aal{( 1050m Vv + 4050mVmnI + 1974m* (mn)a + 3726m3 (m1 )2mn + 256m2(m1)4 - 34,200mV11  - 159,336m Vm11 - 80,832m4(mI )3  + 447,960m7mn 

+ 1,192,896m6 (m1)2 - 3,186,72CmV + 1,814,400m10) + sin2a  (S145m4mv + 26,430mVmIV + 29,211mVImm + 35,307m2 (m1 )Vn + 32,094mV(mn )2 

+ I3,141m(m1)3m11 + 256(m1)6 - 228,600mVV - 1,367,552mVm111  - 724,392m4 (m11 )2 - 2,525,544m3 (m1 )2mn - 489,600m2 (m1)4 + 4,166,220m6mni 

+ 26,804,484m6mIm11 + 20,378,304m4V)3  - 40,865,760m7mn - 138;,873,600m8(m1 )2 + 245,229,120mV - 108,864,000m1 ° ) + sin4<x  {3360m3mVI + 18,120mVmV 

+ 24,.591mVImlV + 24,792m(mI )VV + 13,476m2 (m111 )2 + 54,051mm1mIIm111 + 80321m1 )Vn + 8715m(mn)3 + 10,905V )2 (m11 )2 - 19b,900m4mV 

- 1,289,932m VmIV - l,623,048m3mnmin - 2,558,898m2 (m1 )2min - 2,760,906mV(m11 )2 - 1,799,374m(m1 )3mn - 81,344V)5 + 4,782,120mVV 

+ 34,659,408mVm111 + 19 = 490;484in4 V1 )2 + 82,764,936m3 (m1 )amn + 21,168,256m2V )4 - 63,905,520m8mIn - 479,294,472mVm11 - 425,640,720m4 (m1 )3 

+ .516,924,000m7m11 + 1,957,670,784me (m1 )2  - 2,700,432,000m8m1 + 1,016,064,000m1 ° )} 

-2A12{sin a  (llt340m8mv + 62,160mVmIV + 66.'420mV.1 V11 + 90,540m3 (mI.)2min + 79,536m3mI (m11 )2 + 38,484m2 (m1 )3mn + 1024m(m1)6 - 504,000m8mIV 

- 3,147,840m Vm111 - 1,631,808m5 (m11 )2  - 6,134,976m4 (m1 jV1 - 1, 305, 600m3 (m1) * + 9,190,800m7 min + 61,042,512m Vm11 + 48,883,968ms (m1 )3 

- 90,293,760mV1 - 317,555,712m7 (m1 )2  + 546,842,880m9m1  - 239,500,800m11) + sin3a  (18,585m4mVI + 119,490m3mImV + 154,005m3mIImIV + 213,765m2 (m1 )2mIV 

+  83,115m3 (m111)2 + 438,639mVmI1m111 + 115,883mV )Vn + 66,954m2 V1 )3 + 147,231m(rnI )2 (m11 )2  + l4,42lV )4mn - l,084,230msmV ~ 8,040,300mVmIV 

- 9,717,282mW11 - 18,724,842m3 (m1 )Vn - 19,441,596mW1 )'2 - 16,916,502m2 (m1 )3rnn - 1,308,160mV )5 + 26,495,100mVv + 209,582,364m Vm111 

+  114r907,908m5 V1)2 + 561,574,692m4 {m1 )2mn + 173,040,640m3V)4 - 354,814,920mV11 - 2,85e,248,184mVmn  - 2,821,100,736m5 (m1 )3 + 2,885,045,760mV1 

+  11,736,746,496m7 V)2   - 15,323,575,680mV + 5,588,352,000m11)} 
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d139 
clt13 

(Two 
terms 
only) 

d146 

dt14 

(One 
term 

only) 

d166 

dt,15 

(One 
term 

only') 

A  (vii) 

-2A13{(ll,340m6mV + 62,160mViriIV + 66; 420mV V11 + 90,540m4(mI )2mm + 79,536m*mI(m11 f + 38,484m3 (m1 )3mn + 1024m* (m1)8 - 504,000m7mIV 

- 3,147>840m6mImIn - 1,631,808m6 (m11 )2 - 6,134,976ms (m1 )2mn - 1,305,600m4 (m1 )4 + 9,190,S00m8min + 61,042,512ir!7mIm11 + 48,883,968m6 (m1 )3 - 

- 90,293,760m9m11  - 317,555, 712m8 (m1 f  + 546,842,880m1 V - 239,500,800m12) + sin2 a   (6?,095msmVI  + 477,330m4mImV + 590,595m4mnmIV +  980,475m3(m1)2mIV 

+ 315,765m4(m111)2 + 1,921,749m3mImIIrnIn + 657,753rn2 (m1 )3mm + 280,398m3 (m11 )3 + 795,753m2 (m1 )2 (m11 )2 + 125,351m(mI )4mH + 1024(m1)6 - 3,915,450m6mV 

- 31,162,980m5mImIV - 36,493,182m5io}lmlu - 79,316,262m4(m1 )2rnnI - 79,857,284mV.1 (m11 )2  - 81,030,585m3 (m1 )amn - 7,855,616m2 «m1 )6 + 95,732,100m7mIV 

+  798,194,964m8mIm111 + 428,611,548m6(m11 )2 + 2,283,520,716m5(m1)2mn +  781,820,160m4(m1)4  - 1,283,409,720m8mI*l - 10,780,801,224m7mIm11 

- 11,370,567,744m8(m1)3  + 10,466,092,800msmn + 44,577,605,376m8(m1)2  - 56,261,036,160m1°mI + 20,118,067,200m12 )> 

-2A14{sin a  (145,530m6mVI + l,084.860msmImV + 1,309,770msmIImIV + 2,362,290m4(m1)2mIV + 697,950ms(m111 )£  + 4,515,750m4mImIImIn + 1,716,150m3(m1)3min 

+  640,332m4 (m11)3 + 2,025,102m3 (m1 )2 (m11 )2  + 371,274m2 (m1 )*mn + 4096m(m1)8  - 8.493,660m7mV - 69,872,040mRmImIV - 80,327,700m6mnmni 

- 184,922,100m6 (mMV11 - lS2,908,S72m5mI (in11 )2  - 198,537,228m4 (m1 )3m11  - 20,947,968m3 (m1 )5 + 207,711,000m8 mIV + 1,775,028, öOOmVm111 

+  941,110,920m7 (m11)2 +  5,226,880,584m8 (m1 )2mn + 1,875,222,528m5 (m1 )4  - 2,785,784,400m8min - 23,863, 952,SSOmVm11 - 25,965,956,736m7 (m1 )G 

+ 22,743,141,120m1°mn +  99,069,419,520m9(m1)2  - 123,051,882,240m11mI + 43,589,145,600m13)} 

-2A16{(145,530m7mVI + l,084,860m6mImV + 1,309,770m6mnmIV + 2,362,290m5 Cm1 )2mIV + 697,950m6 (m111 )2 + 4,515,750m5 mW11  + 1,716,150m4 (m1 )3min 

+ 640,332mB(mn)3 + 2,025,102m4(m1 )2 (m11 )2 + 371,274m3 (m1 )4mn + 4096m2 (m1)6  - 8,493,660m8mV - 69,872,040m7mImIV - 80,327,700m7mnmIn 

- 184,922,100m6 (m1)2!!!111 - l02,908,872m6mI(m11 )2 - 198,537,228m5 (m1 )3mn  - 20,947,968m4 (m1 )5 + 207,711,000m9mIV + 1,775,028,600m8mIm111 

+  941,110,920m8(m11)2 + 5,226,880,584m7(m1 iV1 + 1,875,222,528m6(m1)4  - 2,785,784,400mlomin  - 23,863,952,880m9mIm11  - 25,965,956.736m8(m1)3 

+ 22,743,141,120m1 V1 +  99,069,419,520m10(m1 )2 - 123,051,882,240m.12mT +  43,589,145,600m14 )} 
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APPENDIX B 

SOLUTION BY AIR FORCE FORMULA OF PROBLEM BASED ON ATMOSPHERE 

OBSERVED OVER THE LINE FRAN TO ELBOW 

(CARIBBEAN AREA SHORAN PROJECT) 

K = 56 feet 
H =-27,945.08 feet 

H - K = 27,889.08 feet 

V" (l86,2l9 
Secj 

= 152.69958 miles. 

Mi\ 
•M.00082 sec) 

Dial reading 
Velocity correction 
Reduction to sea level 
Slope correction 
Curvature.correct i on 
Steep slope correction 
Assumption VIII 

11 IX 
" X 

Geodetic distance by Air Force method    152.52686 

152.69958 
+      .01175 

.10228 

.09136 
+       .00885 

.00003 
+ .00035 
+       .00005 

.00005 

<M 
~> 
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APPENDIX B 
Numerical  integration solution of problem based on atmosphere observed over the line Fran to Elbow  (Caribbean Area Shoran Project) 

K- 437.0509260 x 10 T = total time =  .00082 seconds 

At =   .00002 seconds 

dir 
dt'' ru' 

{{a + 1) - sin2a  (2a + 1)} 

h        i r 

in thousands of feet 

.05600 

.4 53 71 

. 8 63 5-0 

.2 8554 
72436 
1 7936 
64704 
1 2822 
61854 
0891 0 
61245 
12 811 

5.6 6474 
6.21254 

7824 i 
3 6 8 63 
97189 
57024 
1 8361 
6 2 01 9 
4 743 0 
144 83 
82890 
52758 

13.23823 
13.98053 

72880 
4 92 98 
2 74 2 0 
07264 
88753 
71891 
5 6652 

0.43040 
1.31117 
2.2 08 6 3 

12289 
0 533 8 
00078 
96522 

2 6.94653 
2 7.94508 

l 
i. 
2. 
2. 
3. 
3. 
4, 
n. 
5, 

14. 
1 5, 
1 
1 
1 
1 
1 
2 
2 
2 2 
23 
24 
25 
2 5 

20 90 
90 
90 
90 
90 
90 
90 
90 
90 
90 
90 
90 
90 
90 
90 
91 
91 
91 
91 
91 
91 
91 
91 
91 
91 
91 
91 
91 
91 
92 
92 
92 
92 
92 
92 
92 
92 
92 
92 
92 
92 
'3 

98992 
38763 
79742 
21 946 
65828 
11328 
58096 
06214 
55246 
02302 

7.54637 
8.06 2 03 
8.59866 
9.14646 
9.- 7163 9 
0.30255 
0.90581 

50416 
11753 
75411 
40822 
07875 
76282 
46150 
17215 
9144,5 
66272 
42690 
20812 
00656 
82145 
65283 
50044 
3 6432 
24509 
14255 
05681 
98730 

7.93470 
8. 89914 
9.88045 
0.87900 

1.000 331 
324 
317 
313 
310 
306 
300 
291 
260 
265 
255 ,8 
250.9 
243.8 
242 ,8 
241 . 8 
240 .3 
220,3 
204.2 
201 .1 
201 ,6 
200.9 
195. 8 
189, 8 
178,8 
186.3 
181 .0 
172 .5 
167,5 
163.8 
160,3 
156,5 
152 ,1 
147,3 
143 .1 
135.1 
135,2 
130,6 
126,3 
122 .5 
118,7 
115.3 

2     2 i rT e 

r p.   x 10 

43 7.2243 73 8 
.2352420 
.2 465282 
.2 605119 
.2763348 
.2912605 
.3057557 
.3178420 
.3117737 
.3353 945 
.3491572 
.3664456 
• 3826879 
.4047321 
.4277029 
.451)9161 
.4586623 
.4696142 
.4925662 
.5196390 
.5463964 
.5699922 
.5924921 
. 6129780 
.6492799 
.6757056 
.7003029 
. 7271859 
. 7566424 
. 7869954 
. 8177750 
. 8487202 
.8799954 
.9124780 
.945843 6 
.9799965 

438.0142404 
.0494278 
.085 7620 
.1228110 
.1609183 

VAt sin a 

.39165 

.40373 

.41591 

.43051 

.44646 

.46100 

.47469 

.48582 

.48028 

. 50154 

.51353 

.52819 

.54161 

. 5 5 93 0 

.57716 

. 59466 

.60U39 

.60841 

.62485 

.64369 

.66179 

.6 773 5 

.6 918 6 

.70482 

.72 719 

.74305 

.75752 

.7 73 03 

.78966 

.80644 

.82310 

. 83951 

.85579 

.87236 

.68906 

.90584 
.92235 
. 93 901 
.95590 
.972G3 
.98 993 

sin a=l- 
Ka 

2    2 r u 

0003 96702 
000421549 

sin a 

0199174 
.0205317 

lAlO" 

-16.5 0 
-16.50 

a: ru I 

.3448 

.3448 

a 

1189 
1189 

a+ 1 

+,6552 
+.6552 

2a + 1 

+.3104 
+.3104 

(a+1) 

-sin2a(2a+l 

+ . 6551 
+.6551 

Atg d2r 

2   dt2 

de^ 

dt' 
•VK 

00606 
00606 

0!   = VKAt[936.90566369291]  x 10 10  =   [983,515.0932][20,905.76299][.00002][936.9056637]   x 10"10 •   .03852768474 

8 715 5200 
7098349 
703 9314 
6966174 
6883420 
6 30 53 64 
6729564 
6666365 
6698095 
6574589 
6502634 
6412252 
6327346 
6212120 
6092064 
5970753 
5 93 02 75 
5873047 
5753124 
5611687 
5471914 
5348671 
5231164 
5124186 
4934 640 
4796682 
4668284 
452 7971 
4374246 
4215864 
4055278 
3893 852 
373 0726 
3561328 
3387352 
32092 97 
303 0796 
2847406 
2658070 
2465042 
2266533 

S  = R[9n - 9J   =  152.5268273 miles 'n 
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APPENDIX C 

SOLUTION BY AIR FORCE FORMULA OF PROBLEM BASED ON ATMOSPHERE 

OBSERVED OVER THE LINE FRAN TO WIND 

(CARIBBEAN AREA SHORAM PROJECT) 

H 

S = Vct 

K =  60'feet 
H - 13,375.47 feet 
K = 13,315.47 feet 

/ Mi\ 
=    186,219 (.00054 sec 

\ öec/ 
100.55826 miles 

Dial reading 
Velocity correction 
Reduction to sea level 
Slope correction 
Curvature correction 
Assumption VIII 
Geodetic distance by Air Force 

100.55826 
.00184 
.03232 
.03162 
.00253 
.00005 

+ 
+ 

Method    100.49874 
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APPENDIX C 

Numerical integration solution of problem based on atmosphere observed over the line Fran to Wind  (Caribbean Area Shoran Project) 

K = 20907.46626 

K2 =  437.1221454 x 106 

T = total time =  .00054 seconds 

At =  .00002 seconds 

V « 
=—?{(a +1) - sin a  (2a + 1)} 
rn 

h r 

3.nds of feet 
M. 

2    2            1^-8 r (i   x 10 
VAt sin a 

q= 
.   2     .     K2 

sin ct-1- 2 2 
r \i 

sin a lAlO6 ry.* 
a =-  a2 a+ 1 2a+l (a+1) 

-sin2a(2a+l) 

At2 dar de 
dt 

=   a-2xl0 r u 

in thous 2   dt2 

.06000 

.36500 

.6-8746 

20., 902 . 993 92 
90.3 .2 98 92 
90-3 .6213 8 
903•96078 
90.4 .31705 
•904 .68884 
9-0.5.0 74 8 7 
905.47541 
905.89000 
906.31932 
906.76270 
907.2 2 031 
9G7. 69192 
^08.17777 
906.67738 
909,19169 
"9»-9. 71885 
910,25537 
{IX JO, 7 76 96 
«1.1*32361 
9.11., 8 8579 
912,46349 
913..05875 

•913, 67403 
914.30945 

-.91-4- 9615 6 
915,62895 

•916,30939 

1.000,327,4 
326, 8 
325,7 
324,3 
322,1 
318.7 
314, 7 
310. 2 
3 05, 8 

'   301.1 
296, 2 
2 91, 0 
285, 7 
280,0 
2 74,6 
268,1 
258,2 
228,5 
215,4 
210,0 
207,0 
205 ,4 
206. 2 
208. 5 
208.4 
205,0 
197, 7 

43 7.2213068 
.2335416 
. 2460698 
.2590444 
.2720259 
.2846073 
.2972605 
.3100832 
.3235811 
.3374331 
•3516985 
.3662972 
.3813 942 
.3967370 
.412 9179 
.4287520 
.4421501 
.4386204 
.4489852 
.4671335 
,4880311 
.5108 033 
. 5364104 
.5641686 
.5906705 
. 6149842 
.6365246 

.296134 

.313869 

.331044 

.000226 799 

.000254775 
,0150598 
. 0159617 

-1 . 96 
-3 .40 

-. 0410 
-.0710 

.0017 
. 0050 

+.9590      +.9180 
+.9290      +.8580 

+.9588 
+.9288 

.00887 

.00859 
22.87171244 

107243 
043 712 

1 .02686 .347937 
.3 64057 

# 22.8697384 9 
1-.36313 905955 
1.75-4.92 .3 79024                                                                  _____ 840157 
2 .1-4 0 95 .393503 7739e7 
2.. 5 414 9 .407651 

.422031 
7 0 693 5 

2.95608 63 63 5 6 
3.38540 = 4362 96                                                                                                                            _  _   _   _                                                                   _   _              _ 5 63 931 
3.82878 .450515    _ 4 8 9348 
4.2 863 9 .464613                                                                                               .      .                                     _ 413028 
•4.75800 .478756                                                                        _                                 _____                                                  _ 334109 
5.24385 .492713                                                                                                    ._ 253910 
5-. 743-4 6 .507016   169336 
6.25777 .520634                             "                                                                       ,_.___ . _   _ 086581 
6. 7 84-93 .531883                                                                                                          _                     016562 
7. 3 214 5 .528961                                                         _                             _____                                   ___. 035008 
7. 84304 ,53 75 52                                                               _______                                        __                        _                                    -,  _   _ 22 .85980843 
8.3896-9 .552267                                                                                     __                                _                   __             _ 886009 
8. 95187 .568736                                                                    ,                         ____                          776819 
9.5 2.95 7 .586153                                                                                                                                     _  _          657845 

10.124.83 .605136                                                                                         _______ 524076 
10.74 011 .625061                                                                    _                    _                                    -__ 3 79087 
11.37553 .643506              _             ____                          240677 
12. 0276-4 113 710 
12.69503 00123 7 
13.37547 

v-10- 
VKAt[617.26942518 x 10"    ] 

=   [983,515.0932][20907.46626][.00002][617.2694252]   x 10 

= .02S3855Ö61? 
R[9n - 9j   = 100.4987176 miles 
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